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ABSTRACT: The effect of polymer conformational transition on thermoreversible gelation with multiple
cross-link junctions in natural and synthetic polymers is studied on the basis of the recent theory of
associating polymers. The effective number of associative groups carried by each chain in such solutions
is not a fixed number but varies with conformation change induced by the temperature and other
environmental conditions. Transition from intra- to intermolecular bonding due to denaturation of some
proteins on heating leads to high-temperature gelation, while coil-to-helix transition (or coil-to-globule
transition), followed by aggregation of helices (globules), leads to low-temperature gelation. We calculate
the sol/gel transition concentration as a function of temperature and find that, in both cases, it is not a
monotonic function but takes a minimum value at an intermediate temperature. At low temperatures
gelation is prevented due to the lack of active groups or due to the strict restriction in helix sequence
selection. Typical phase diagrams in which sol/gel transition coexists with phase separation are derived.

I. Introduction

Most natural polymers undergo a conformational
transition preceding gelation. Activation of the particu-
lar functional groups on a polymer chain accompanied
by a proper three-dimensional conformation change is
a necessary prerequisite for the interchain cross-linking.
For instance, water-soluble natural polymers such as
agarose and κ-carrageenan first change their conforma-
tion from the random coil state to a partially helical
state, and then the helical parts aggregate to form
network junctions.1-6 Recently, a similar two-step mech-
anism of gelation through coil-to-helix transition was
confirmed for synthetic polymers with stereoregular-
ity.7,8 It was found that, in solutions of syndiotactic poly-
(methyl methacrylate) in toluene, a fast intramolecular
conformational change is followed by an intermolecular
association leading eventually to gelation.

Other important examples are globular proteins.
Proteins such as ovalbumin, or human serum albumin,
are believed to form gels after some of the intramolecu-
lar bonds in a native state are broken during denatur-
ation, with their functional groups being exposed to the
outer space, followed by intermolecular recombination
of the groups.2,9,10 A certain degree of unfolding to
expose functional groups is a neccessary condition for
the gelation in these examples.

Gelation strongly coupled to polymer conformational
change can also be found in synthetic polymers. An
important example of current interest is the coil-to-rod
transition of the conducting polymer 4-butoxycarbon-
ylmethylurethane (4BCMU) preceding gelation.11-13

Upon cooling in organic solvents, 4BCMU polymers are
partially stiffened by forming hydrogen bonds between
the neighboring side groups, and then the formed
rodlike segments aggregate into bundles of network
junctions.13 Because the electrical conductivity becomes
finite after the gel point, the sol/gel transition of 4BCMU
implies important industrial applications.

A similar mechanism of gelation can also be found in
polymer solutions where coil-to-globule transition of
each polymer chain plays a dominant role. Upon cooling,

globular nuclei are randomly formed on a random coil
polymer chain due to van der Waals attraction. Some
of them involve similar globular nuclei on different
chains in the neighborhood and form cross-links of
densely packed submolecular aggregates. Networks thus
take the structure in which random coil subchain
sequences are connected to each other at the junctions
of compact globular aggregates.

Other important synthetic polymers whose gelation
is strongly coupled to the polymer conformational
change are the associating polymers. Associating poly-
mers are water-soluble polymers partially modified by
hydrophobic groups. These groups form aggregates or
micelles by hydrophobic interaction. At low polymer
concentrations, intramolecular association in the form
of flowerlike micelles is dominant, but with increase in
the concentration, more open association (intermicellar
bridging) prevails, so that such bridge chains eventually
form networks with multiple cross-link junctions.14-18

Similar transition from flower micelles to bridge chains
are observed in triblock copolymers in selective sol-
vents.19

To study these examples systematically, let us here
classify the types of gelation in the following way:

Intra-Intertransition. The functional groups hidden
inside a polymer molecule are activated by the change
of environmental conditions such as the temperature,
polymer concentration, pH, concentration of another
component, etc., and lead to gelation by forming inter-
molecular bonds (see Figure 1a). Since the subchain
forming a loop by intramolecular association looks like
a petal in a flower, as is shown in Figure 1b, and the
dissociated functional groups form interchain bridges,
this transition is often referred to as loop/bridge transi-
tion or flower/bridge transition.18 In the case where
functional groups are thermally activated, this type of
conformational transition leads to high-temperature
gels.

Coil/Helix, Coil/Rod, or Coil/Globule Transition.
Polymers in random coil conformation first partially
form helices (or rods, globules) as the temperature is
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lowered, and then helices (rods, globules) aggregate into
network junctions (Figure 2). This mechanism results
in the low-temperature gelation as complex cross-linking
regions are cohesively formed by the attractive interac-
tions. At extremely low temperatures, however, helix
sequences become longer, and as a result, the total
number of helices on a chain decreases. The restriction
in selecting helix sequences from the limited chain
length, thus, tends to prevent gelation.

Two-State Transition. Each monomeric unit A
along a polymer chain can take either an active state
A* or an inert state A. The active monomeric units form
cross-links of the type (A*)k with multiplicity k (k ) 2,

3, 4, ...) (Figure 3). This type may also lead to high-
temperature gelation.

At this stage, it should be remarked that the equi-
librium polymerization of surfur20,21 is a special case of
the above intra-intertransition. A ring polymer S8
(called λ-sulfur), which is inert at room temperature,
first opens its ring into a linear chain carrying reactive
groups on both its ends (called µ-sulfur) as the temper-
ature is raised and then polymerized through interchain
bonding at 160 °C (Figure 4). Since the reaction takes
place pairwisely and the functionality f (number of
active sites on a molecule) of µ-sulfur is two, molecules
form linear chains instead of three-dimensional net-
works. In analogy to sulfur polymerization, we may
therefore generally call a molecule staying in the inert
state “λ-molecule” and one in the active state “µ-
molecule” also for our gel-forming polymer solutions.
The λ/µ-transition described above in an extended
meaning is schematically summarized in Figure 5.

II. Stoichiometric Definitions

In order to study the equilibrium gelation that is
strongly coupled to the polymer conformational change,
we consider a polydisperse mixture of primary polymer
chains carrying variable numbers of functional groups
in a solvent. The number of statistical segments on a
molecule is assumed in the present work to take a single
unique value n. A molecule is distinguished by the
number f of active functional groups it carries, each
functional group being capable of taking part in the
junctions which may bind together any number k of such
groups. Hereafter we shall call k the multiplicity of a
junction. Chemical gelation with multiple junctions was

Figure 1. Breakage of intramolecular bonds (a) and dissocia-
tion of intramolecular flower micelles (b) by changing the
temperature, concentration, pH, etc.

Figure 2. Coil-to-helix transition of polymer chains followed
by aggregation of helices leading to gelation.

Figure 3. A model polymer carrying monomers that can take
inert state (A) and active state (A*). Monomers in the active
state can form junctions of variable multiplicity.

Figure 4. Equilibrium polymerization of sulfur. Ring sulfur
called λ-sulfur is thermaly activated into an open chain and
then polymerized.
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first theoretically studied by Fukui and Yamabe22

(referred to as FY) by extending the conventional Flory-
Stockmayer tree statistics23,24 to the multiple cross-
linking. Recently we applied this theory to equilibrium
gelation in order to study physical gels and derived
phase diagrams in which gelation and phase separation
interfere25 (referred to as TS). In the study, we allowed
junctions of all multiplicities to coexist, in proportions
determined by the thermodynamic equilibrium condi-
tions. In contrast to these preceding works, the func-
tionality f in the present study is a variable depending
on the temperature and polymer concentration and, in
some cases, on other environmental parameters such
as pH, added surfactant concentration, etc.

In thermal equilibrium, the solution has a distribution
of clusters with a population distribution fixed by the
equilibrium conditions. Following FY notation,22 we

define a cluster of the type (j;l) to consist of lf primary
molecules of functionality f (f ) 0, 1, 2, 3, ...) and jk
junctions of multiplicity k (k ) 1, 2, 3, ...) (Figure 6).
The bold letters l ≡ {l0, l1, l2, l3, ...} and j ≡ {j1, j2, j3, ...}
are sets of numbers to characterize the cluster type. For
instance, the (f + 1)th number lf in l gives the number
of f-functional molecules forming the cluster, and the
kth number jk in j gives the number of junctions of
multiplicity k included in the cluster. Note that f ) 0
indicates λ-molecules and k ) 1 indicates unreacted
functional groups. An isolated molecule of functionality
f, for instance, is indicated by j0f ≡ {f, 0, 0, ...}, and l0f
≡ {0, ..., 1, 0, ...} (the (f + 1)th number is unity). In what
follows we assume, as in FY, that all finite clusters take
tree forms to make the combinatorial counting problem
as simple as possible. However, we allow the network
(infinite cluster) in the post-gel regime to form internal
loops as in Flory’s conventional treatment of gelation.

Let us consider a typical tree cluster consisting of the
µ-molecules. Let l ≡ ∑fg1lf be the total number of
primary molecules in a cluster. Then the following two
independent conservation relations hold due to the
absence of internal loops:

One of these relations can be replaced by the useful
identity

Further, let Nf be the total number of primary
molecules with f activated functional groups in the
system. The fraction of reactive groups residing on such
f-functional µ-molecules is then given by

To deal with concentrations, we choose the unit of
volume to be that of a unit cell, and we make the
customary simplifying assumption that the solvent
molecules, the functional groups, and the statistical
repeat units of the primary chain molecules all occupy
this same volume, a3. This is not a serious restriction.

Thus, if N(j;l) is the number of (j;l) clusters in the
system (including the λ-molecules), their number den-
sity is

where Ω is the total number of cells in the system and
their volume fraction is

The total volume fraction of the polymer component is
thus given by

or equally well

Figure 5. Inactive primary molecules called λ-molecules
activated into molecules carrying variable numbers of func-
tional groups, followed by network formation with junctions
of variable multiplicity. Figures in the circles show their
functionalities.

Figure 6. Equilibrium distribution of clusters in a solution.
Inert λ-molecules are indicated by black circles.

l ≡ ∑
fg1

lf ) ∑(k - 1)jk + 1 (2.1)

∑
kg1

jk ) ∑
fg1

(f - 1)lf + 1 (2.2)

∑
kg1

kjk ) ∑
fg1

flf (2.3)

wf ) fNf/(∑
fg1

fNf) (2.4)

ν(j;l) ) N(j;l)/Ω (2.5)

φ(j;l) ) (n∑
fg0

lf)ν(j;l) (2.6)

φ ) ∑
j,l

φ(j;l) (2.7)
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now f ) 0 term being included in the summation (see
Figure 6). Counting λ-molecules only, we also define
their volume fraction φλ ≡ nNλ/Ω. The subscript λ-in-
dicates f ) 0 throughout this paper and should not be
confused with the index 0 for the solvent component.
Consequently, the volume fraction of µ-molecules is
given by

It will also be useful later to consider the total number
density of the functional groups,

and the volume fraction of polymers derived from the
f-functional primary molecules,

From (2.4) we easily find

and

Since

is the reciprocal of the number average functionality fn
of µ-molecules, we find φµ ) nψ/fn ) ñψ. The ratio ñ ≡
n/fn gives the average number of statistical segments
per functional group. The weight-average functionality
of µ-molecules is similarly defined by

These averages concern µ-molecules only. The entire
distribution function including λ-molecules must, how-
ever, be used to calculate the average molecular weight
of all clusters.

III. Free Energy of the Model Solution
We now consider the free energy of the system at a

given temperature T and polymer volume fraction φ on
the basis of the classical Flory-Huggins theory for
multicomponent polymer solutions.26 The chosen stan-
dard reference states are pure solvent and separated
pure unmixed amorphous primary solute polymer in the
λ state. The free energy change on passing from the
reference states to the final solution, at equilibrium with
respect to cluster formation, consists of three parts:

where ∆Fconf is the free energy associated with the
change in molecular conformation, ∆Frea the free energy
of reaction required to connect µ-molecules into clusters,

and ∆Fmix the free energy produced on mixing all
clusters with the solvent.

The first term is newly introduced here in this work
to study the cooperative effect between conformational
change and gelation. It is written as

where Nλ is the number of λ-molecules, Nf
G the number

of primary molecules in the gel network that carry f
active functional groups, Aλ the conformational free
energy of a single λ-molecule and Af the same of a
µ-molecule with f active groups. The free energy re-
quired for the activation of a molecule is therefore
given by

In this context, the λ-state of a chain should be regarded
as a reference conformation. One may choose another
conformation as the reference conformation. The totally
activated state, for instance, can be an equally possible
candidate. The following theoretical framework may
then look superficially different, but the final results
are independent of the choice.

The second term ∆Frea in eq 3.1 gives the free energy
required to form N(j;l) clusters of the type (j;l) from the
primary chains and also to form a gel network contain-
ing Nf

G polymer chains of functionality f. It is written
as

where â ≡ 1/kBT is the reciprocal temperature and

is the free energy change accompanying the formation
of a (j;l) cluster in a hypothetical undiluted amorphous
state from the separate primary molecules with par-
tially activated states. The superscript circle refers to
the undiluted state. We may call ∆(j;l) “free energy of
cluster formation” in the unit of thermal energy. The
second term on the right-hand side of eq 3.4 appears
only after the gel point is passed and a macroscopic
network begins to form; it contains the number Nf

G of
f-functional primary molecules connected to the net-
work. The free-energy change δf(φ) assigned to each
chain in the network is the free energy required on
bringing an isolated primary f-molecule into the net-
work. Since the degree of association increases with the
polymer concentration, it is assumed to be a function
of the total polymer concentration (and the tempera-
ture).

Finally, the last term ∆Fmix in eq 3.1 gives the free
energy for mixing the above clusters and the network
with the solvent. We employ the conventional Flory-
Huggins lattice theoretical free energy for polydisperse
polymer solutions and write it as

where ø is Flory’s interaction parameter.

φ ) ∑
fg0

nNf/Ω (2.8)

φµ ) φ - φλ ) ∑
fg1

nNf/Ω (2.9)

ψ ) (∑
fg1

fNf)/Ω (2.10)

φf ) nNf/Ω (2.11)

φf/ψ ) nwf/f (2.12)

φµ/ψ ) n ∑
fg1

wf/f (2.13)

∑
fg1

wf/f ≡ 1/fn (2.14)

fw ≡ ∑
fg1

fwf (2.15)

∆F ) ∆Fconf + ∆Frea + ∆Fmix (3.1)

∆Fconf ) AλNλ + ∑
j,l

(∑
fg1

Aflf)N(j;l) + ∑
fg1

AfNf
G (3.2)

∆Af ≡ Af - Aλ (3.3)

â∆Frea ) ∑∆(j;l)N(j;l) + ∑
fg1

δf(φ)Nf
G (3.4)

∆(j;l) ≡ â{µ°(j;l) - ∑
f

lfµ°(j0f;l0f)} (3.5)

â∆Fmix ) N0 ln φ0 + Nλ ln φλ + ∑
j,l

N(j;l) ln φ(j;l) +

Ωøφ0φ (3.6)
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IV. Equilibrium Conditions
We now minimize this total free energy by changing

the number N(j;l) (and Nf
G in the post-gel regime) of

the clusters and find their most probable distribution.
This procedure can be systematically done by deriving
the chemical potentials of the clusters and imposing on
them the equilibrium conditions. By differentiating the
total free energy with respect to the number of mol-
ecules or clusters of the specified type, we find the
chemical potentials as

for a solvent molecule,

for a λ-molecule,

for a cluster of the type (j;l), and

for an f-molecule in the gel network. Here, νS stands
for the sum of the number density of solvent molecules
and the total number density of clusters in the sol:

This indicates the total number density of particles in
the system that possess translational degree of freedom.
In contrast, νf

G ≡ Nf
G/Ω denotes the number density of

f-functional µ-molecules connected to the gel network
with no translational motion.

First let us consider the activation equilibrium, i.e.,
the equilibrium between λ-molecules and f-molecules in
the µ-state. It is given by the condition

In what follows we call this λ/µ equilibrium. On substi-
tution of the explicit forms of the chemical potentials,
we find that the volume fraction of f-molecules in the
solution is uniquely related to the volume fraction of
the λ-molecules through the equation

where ∆Af ≡ Af - Aλ is the conformational free energy
produced when a molecule changes from the λ-state to
f-functional state.

Let us next consider the equilibrium cluster forma-
tion. In order for the cluster-forming reaction to be in
an equilibrium, the chemical potential ∆µ(j;l) of an
arbitrary type (j;l) should satisfy the multiple-equilib-
rium condition

These conditions lead to the most probable distribution
of clusters for which the volume fraction of the type (j;l)
is connected to the power products of the isolated
µ-molecules as

by the reaction constant

Finally, an isolated f-molecule should also be in
equilibrium with an f-molecule attached to the gel
network in the post-gel regime. Hence we have

which leads to the relation

With the help of all these relations, the volume fraction
of molecules or clusters of any type can be expressed in
terms of a single unknown, for which we choose the
volume fraction φλ of the λ-molecules in the following
sections.

V. Probability Distribution of the Clusters
In an association equilibrium, the total number ψ of

associative groups (per unit cell) in the active state is
given by

where νf ≡ Nf/Ω is the number density of f-molecules
(per unit cell) in the solution. This density can be split
into two parts:

where νf
S is the number density of chains in the sol

part and νf
G that belonging to the gel part. The weight

distribution wf of the functional groups introduced in
FY study (and also in TS) is then given by

In the previous studies TS, this was a distribution fixed
in the sample preparation stage, but here it is deter-
mined by the thermodynamic requirements. The num-
ber-average functionality fn of the µ-molecules is then
given by

and the weight-average functionality fw by

These depend on the temperature and the concentration
and play the central role in the following analysis of the
sol/gel transition.

∆µ(j;l) ) ∑
fg1

lf∆µ(j0f;l0f) (4.8)

φ(j;l) ) K(j;l) ∏
fg1

φ(j0f;l0f)
lf (4.9)

K(j;l) ≡ exp[l - 1 - ∆(j;l)] (4.10)

∆µf
G ) ∆µ(j0f;l0f) (4.11)

φ(j0f,l0f) ) exp(δf - 1) (4.12)

ψ ) ∑
fg1

fνf (5.1)

νf ) νf
S + νf

G (5.2)

wf ) fνf/ψ (5.3)

fn ≡ ψ/∑νf (5.4)

fw ≡ ∑f2νf/ψ (5.5)

â∆µ0 ) 1 + ln φ0 - νS + øφ
2 - [∑

f

δ′f(φ)νf
G]φ (4.1)

â∆µλ/n ) (1 + ln φλ + âAλ)/n - νS + øφ0
2 +

[∑
f

δ′f(φ)νf
G](1 - φ) (4.2)

â∆µ(j;l)/nl ) {1 + ln φ(j;l) + ∆(j;l) + â∑
fg1

Aflf}/(nl) -

νS + øφ0
2 + [∑

f

δ′f(φ)νf
G](1 - φ) (4.3)

â∆µf
G/n ) (âAf + δf)/n - νS + øφ0

2 (4.4)

νS ≡ 1 - φ + ∑
j,l

ν(j;l) (4.5)

∆µλ ) ∆µ(j0f;l0f) (4.6)

φ(j0f;l0f) ) φλ exp(-â∆Af) (4.7)
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Let us proceed to finding the cluster distribution as
a function of the temperature T and the volume fraction
φ of the primary molecules. These two variables are the
thermodynamic variables that can be controlled in the
experiments. Our final purpose is to draw phase dia-
grams on a plane whose axes consist of such thermo-
dynamic variables. To do this, we introduce the prob-
ability pk for an arbitrarily chosen functional group to
be in a k-junction. As in the previous work TS, we
assume the most general form

where

is a parameter refering to the unreacted functional
groups. Here, p1 is the probability for a functional group
to remain unreacted, and

with ∆f0 being the binding free energy per associative
group, is the association constant for binding a single
functional group into a junction. The coefficient γk comes
from the surface term in the free energy to form a
k-junction. The probability p1 is written as p1 ) 1 - R
in the conventional theory of gelation, where R is the
extent of reaction, or conversion, i.e., the probability for
a functional group to be bound in a junction. The
relation (5.6) was derived in TS by assuming the
equilibrium condition

in forming each junction with the reaction constant Kk
that takes the form

All contributions other than the binding free energy are
included in the prefactor γk.

The normalization condition

gives

where

is a function specifying the junctions.
Now eq 5.7 leads to the relation between the total

concentration ψ of the associative groups and that of
the unassociated groups as

The number density of functional groups (times the
association constant) carried by the isolated µ-molecules
is given by

Since the association constant λ always accompanies the
concentration, it can be regarded as a temperature shift
factor. By definition, xf is given by

where f′ ≡ f - 1. More detailed description of this
parameter xf is given in TS. By the use of the equilib-
rium condition (4.7), this parameter is expressed as

in terms of the scaled number density of the λ-molecules

These relations give

for the distribution, and by the normalization condition
∑wf ) 1, the parameter xλ is expressed by

as a function of z, where new functions Fm(z) (m ) 0, 1,
2, ...) are introduced by the definitions

Substituting this result into eq 5.19, we find

Thus the weight distribution wf of the associative groups
is expressed in terms of the conformational excitation
free energy ∆Af and the (scaled) number density z of
the associative groups that remain unreacted in the
solution.

On substitution into eq 2.14, we find

Similarly, the weight average functionality fw is given
by

In order to find z as a function of the total polymer
concentration, let us split the volume fraction of the
polymer into two terms:

The volume fraction of the µ-molecules is given by

Hence we find for the total volume fraction of the
polymers

pk ) p1γkz
k-1 (5.6)

z ≡ λ(T)ψp1 (5.7)

λ(T) ≡ exp(-â∆f0) (5.8)

ψpk ) Kk(ψp1)
k (5.9)

Kk ) γkλk-1 (5.10)

∑
kg1

pk ) 1 (5.11)

p1 ) 1/u(z) (5.12)

u(z) ≡ ∑
kg1

γkz
k-1 (5.13)

λψ ) zu(z) (5.14)

xf ) fλ
n

φ(j0f,l0f) (5.15)

xf ≡ λψwfp1
f ) wfz/u(z)f′ (5.16)

xf ) fxλ exp(-â∆Af) (5.17)

xλ ≡ λ(T)
n

φλ (5.18)

wf )
u(z)f′

z
fxλe

-â∆Af )
fxλ

λψ
u(z)fe-â∆Af (5.19)

xλ ) λψ/F1(z) ) zu(z)/F1(z) (5.20)

Fm(z) ≡ ∑
fg1

fmu(z)fe-â∆Af (5.21)

wf ) fu(z)fe-â∆Af/F1(z) (5.22)

fn ) F1(z)/F0(z) (5.23)

fw ) F2(z)/F1(z) (5.24)

φ ) φλ + φµ (5.25)

φµ ≡ n ∑
fg1

νf ) nψ/fn (5.26)
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This is a relation that connects the number density z of
the unassociated functional groups to the total polymer
concentration. By solving this relation with respect to
z, we find z, and hence xλ, as a function of φ. The solution
properties, especially the chemical potentials, can then
be expressed in terms of the temperature and the
polymer concentration. This completes our basic proce-
dure.

Before proceeding to the study of gelation, let us see
the relation (5.27) in more detail. The numerator 1 +
F0(z) is transformed into a more compact form

by including f ) 0 term in the summation. We then use
a new function defined by

in favor of F0 by including f ) 0 term. The relation (5.27)
is then rewritten as

where

is the number-average functionality of polymer chains
calculated by including λ-molecules. This relation (5.30)
is formally the same as the one found for the f-functional
polymer chains in our previous study TS if we replace
f in it by the effective functionality fav.

At this stage, it is convenient to show the explicit form
of the number νf of the polymer chains (per a lattice cell)
that carry the number f of associative groups. Since
their weight distribution wf is given by eq 5.22, νf is
proportional to u(z)f exp(-â∆Af). Let us assume the form
νf ) Cuf exp(-â∆Af) (including f ) 0 term). Since the
sum ∑fg0 νf gives the total number density φ/n of the
primary chains, the normalization constant C must take
the value C ) (φ/n)/F̃0(z). Thus we find

The parameter z is given as a function of the polymer
concentration φ through the relation (5.30). Especially
for the λ-molecules with f ) 0, we find νλ ) φ/nF̃0(z),
and hence xλ ) zu(z)/F1(z). This reduces to eq 5.20.

VI. Distribution of Clusters and Sol/Gel
Transition

We now proceed to the study of cluster distribution
in the solution. The general procedure developed in TS
gives the number distribution ν(j;l) of the clusters
consisting of µ-molecules as

The average number of associative groups in a cluster
can then be calculated as

for the number average and

for the weight average. Here, the average junction
multiplicities are defined by

for the number average and

for the weight average. The new function I(z) is defined
by

as in TS. The total number density of µ-clusters in the
sol part is then given by

Let us next study the average number of chains in a
cluster. In contrast to the average number of associative
groups, we have to include λ-molecules to calculate the
average. We then have

for the number average and

for the weight average. The average molecular weight
of the clusters is then given by nPn or nPw. These
averages are found as functions of the temperature and
the polymer concentration when eq 5.30 is solved with
respect to z and substituted.

The conventional definition of the gel point is the
onset of the macroscopic connectivity where the weight
average molecular weight becomes infinite. (The num-
ber average remains finite.) From the above calculation,
we find that the sol/gel transition point is given by the
condition

or equivalently

λ
n
φ ) xλ + λψ

fn
) [1 + F0(z)] xλ )

1 + F0(z)

F1(z)
zu(z) (5.27)

1 + F0(z) ) ∑
fg0

u(z)fe-â∆Af (5.28)

F̃0(z) ≡ 1 + F0(z) ) ∑
fg0

u(z)fe-â∆Af (5.29)

λfav(z)
n

φ ) zu(z) (5.30)

fav(z) ≡ F1(z)/F̃0(z) (5.31)

νf ) (φn)u(z)fe-â∆Af

F̃0(z)
(including f ) 0 term) (5.32)

ν(j;l) ) ψ(∑jk - 1)!(∑
fg1

lf - 1)! ∏
fg1

(xf
lf

lf!
)∏

kg1
(γk

jk

jk!
) (6.1)

Pn
f ≡ ∑

j,l
(∑
fg1

flf)ν(j;l)/∑
j,l

ν(j;l) ) 1/[1/µn + 1/fn - 1]

(6.2)

Pw
f ≡ ∑

j,l
(∑
fg1

flf)
2ν(j;l)/∑

j,l
(∑
fg1

flf)ν(j;l) )

1/[1/µw + 1/fw - 1] (6.3)

µn ≡ (∑
kg1

pk/k)-1 ) u(z)/I(z) (6.4)

µw ≡ ∑
kg1

kpk ) 1 + zu′(z)/u(z) (6.5)

I(z) ≡ ∑
kg1

γk

k
zk-1 )

1

z
∫0

z
u(z) dz (6.6)

λνµ
S ) λ(∑

fg1
fνf)/Pn

f ) λψ(1/µn + 1/fn - 1) )

z[(1/fn - 1)u(z) + I(z)] (6.7)

Pn(z) ≡ ∑
j,l

(∑
fg0

lf)ν(j;l)/∑
j,l

ν(j;l) )

1/fav[1/µn + 1/fav - 1] (6.8)

Pw(z) ) ∑
j,l

(∑
fg0

lf)
2ν(j;l)/∑

j,l
(∑
fg0

lf)ν(j;l) )

1 + fav(µw - 1)/[1 - (fw - 1)(µw - 1)] (6.9)

(fw - 1)(µw - 1) ) 1 (6.10)
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Here, the average functionality fw is given by eq 5.24
as a function of z, which is related to the total polymer
concentration through eq 5.30. Let z* be the solution of
eq 6.11. The gelation concentration φ* is then given by
the equation

This equation gives the sol/gel transition line when
mapped onto the temperature-concentration plane.

VII. Solution Properties
Let us next study thermodynamic stability and phase

separation of our network-forming polymer solutions.
We have derived the chemical potentials for the solvent,
λ-molecule, and µ-molecule. Since we have equilibrium
conditions, only two of these are independent. Here we
study the chemical potential of the solvent and of the
λ-molecule as independent variables. The total number
density νS of the molecules that possess translational
degree of freedom in the solution is explicitly given by

where νλ ) zu(z)/λF1(z) and νµ
S is given in eq 6.7. Let us

consider the last term in the chemical potentials that
includes the free energy δf to bind a single f-molecule
into the gel network. The equilibrium condition (4.12)
gives a relation

where const(f) ≡ ln(n/λ) - â∆Af is an unimportant
constant independent of the concentration. We then find

where

is the gel fraction. The chemical potentials are trans-
formed into

and

apart from unimportant constants.
The osmotic pressure π is then given by the general

thermodynamic relation

where a is the size of the fundamental cell. By taking
the derivative of this pressure, we find

for the osmotic compressibility, where

Here, the new function κ is defined by

We next consider the degree of association R in the
solution. This is defined by the average number of
associated functional groups relative to the total number
of functional groups and is often referred to as conver-
sion in the literature. By definition, we have R ) 1 -
p1, and from p1 ) 1/u(z) the conversion is given by

as a function of z and, hence, the polymer concentra-
tion φ.

A. Pregel Regime. In the pregel regime, we have
wG ) 0. The chemical potentials are given by

and

Here, the total number density νS (eq 7.1) of molecules
that possess translational degree of freedom is given by

The κ-function reduces to the reciprocal of the weight
average association number Pw:

The stability limit, or spinodal line, is found by the
divergence of the osmotic compressibility

The sol-sol phase equilibrium is given by the coupled
conditions

B. Postgel Regime. In this study we extend the
treatment of the postgel regime developed by Flory26 for
the case of conventional pairwise cross-linking to our
present multiple cross-linking. He allowed cycle forma-
tion within the gel network while it is strictly forbidden
for the finite clusters and found the conversion R′ in the
sol part that is different from the conversion R′′ in the
gel part. In the present model solution, his treatment
can be applied in the following way.

[fw(z) - 1]zu′(z)/u(z) ) 1 (6.11)

λ(T)φ*
n

)
F̃0(z*)

F1(z*)
z*u(z*) (6.12)

νS ) 1 - φ + νλ + νµ
S (7.1)

δf - 1 ) ln xλ + const(f) (7.2)

∑
fg1

δ′f(φ)νf
G )

∂ ln xλ

∂φ
∑
fg1

νf
G )

φ
G

n

∂ ln xλ

∂φ
)

wG

n

∂ ln xλ

∂ ln φ

(7.3)

wG ≡ φ
G/φ (7.4)

â∆µ0 ) ln(1 - φ) - νS + øφ
2 - wGφ

n
∂ ln xλ

∂ ln φ
(7.5)

â∆µλ

n
) 1

n[1 + wG(1 - φ) ∂

∂ ln φ] ln xλ - νS + ø(1 - φ)2

(7.6)

πa3/kBT ) -â∆µ0 (7.7)

KT ≡ (kBT

a3 ) 1
φ (∂φ∂π)

T
) 1

φ
2σ(φ,T)

(7.8)

σ(φ,T) )
κ(φ,T)

nφ
+ 1

1 - φ
- 2ø (7.9)

κ ≡ ∂

∂ ln φ(1 + wG ∂

∂ ln φ) ln xλ (7.10)

R ) 1 - 1/u(z) (7.11)

â∆µ0 ) ln(1 - φ) - νS + øφ
2 (7.12)

â∆µλ

n
) 1

n
ln xλ - νS + ø(1 - φ)2 (7.13)

νS ) 1 - φ + φ

nF̃0(z)(1 +
F1(z)

Pn
f ) (7.14)

κ(z) )
∂ ln xλ

∂ ln φ
) 1/Pw(z) (pregel regime) (7.15)

κ(φ,T)
nφ

+ 1
1 - φ

2ø ) 0 (7.16)

∆µ0(φ′, T) ) ∆µ0(φ′′, T) (7.17a)

∆µλ(φ′, T) ) ∆µλ(φ′′, T) (7.17b)
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The average conversion R of the solution as a whole
is given by eq 5.30 with the relation

For a given value of R, the concentration xλ is calculated
by the relation (5.20). Then the conversion R′ of the sol
is assumed to be found by solving the condition

with respect to z′ for this given value of xλ. This equation
has a solution z by definition but has another solution
z′ which is smaller than z. Then, this root z′ gives R′ by
the relation z′ ) λψ(1 - R′). For a given total concentra-
tion, the volume fraction φS of the sol is then found by
the relation

The volume fraction φG of the gel is found by the
subtraction φG ) φ - φS. This procedure gives

for the sol fraction and

for the gel fraction. The conversion R′′ in the gel is then
found by the relation

Similarly, the weight-average molecular weight of the
finite clusters in the sol is given by the equation

The chemical potentials in the postgel regime are
given by eq 7.5 and eq 7.6, but νS(z) and xλ(z) in these
equations should be replaced by νS(z′) and xλ(z′). Ac-
cordingly, the κ-function is changed to

It is different from the reciprocal of the weight-average
molecular weight. This is because the average for the
molecular weight is taken within the sol part, while
there is a contribution from the gel part to the osmotic
compressibility.

VIII. Models of the Junction
The multiplicity of junctions is in principle deter-

mined by the equilibrium requirement for a given
associative interaction. In the case of hydrophobic
interaction, chain length of a hydrophobe, strength of
water-hydrophobe interaction, geometric form of an
aggregate, and other factors determine the association
constant λ(T) and the coefficients γk in the junction

function u(z). In the present study, we avoid complexity
to find the precise forms of γk and introduce a model
junction in which multiplicities lying in a certain range
from k ) smin to smax are equally allowed. We thus have

The coefficient γk with k lying in this range is assumed
to take a uniform value. We then have

When only a single value is allowed, i.e., smin ) smax
≡ s, we call the model fixed multiplicity model. In the
fixed multiplicity model, all relations reduce to simple
forms. We have only k ) 1(free) and k ) s(associated),
so that u(z) ) 1 + zs′ where s′ ≡ s - 1. In terms of the
conversion, we have p1 ) 1 - R and ps ) R. The relation
(7.11) then gives

The average functionalities are

with the functions Fm now written in terms of R as

Similarly, the average junction multiplicities are given
by

The fundamental relation connecting R with the total
polymer concentration then takes the form

where

is the first moment of the multiple tree distribution.
This function reduces to the first moment of the
conventional Stockmayer distribution in the special case
of the pairwise junction s ) 2 with monodisperse
functionality fn ) f. Similarly, we find

for the zeroth moment and

for the second moment. All solution properties can be
expressed in terms of these three moments. For in-
stance, we have

for the concentration of the λ-molecules and

z ) λψ(1 - R) (7.18)

xλ ) z′u(z′)/F1(z′) (7.19)

λ
n
φ

S )
F̃0(z′)
F1(z′)

z′u(z′) (7.20)

wS ) φ
S/φ ) F̃0(z′)/F̃0(z) (7.21)

wG ) 1 - F̃0(z′)/F̃0(z) (7.22)

R ) R′wS + R′′wG (7.23)

∂ ln xλ(z′)
∂ ln φ

) 1
Pw(z′)

(7.24)

κ*(φ) ) [1 + wS(1 -
Pw(z′)
Pw(z) )] 1

Pw(z′)
+

wG

1 - (fw(z′) - fav(z′) - 1)(µw(z′) - 1)
d

d ln z′( 1
Pw(z′))

(7.25)

k ) 1 (free) k ) smin, smin + 1, ..., smax

(associated) (8.1)

u(z) ) 1 + (zsmin-1 - zsmax)/(1 - z) (8.2)

z ) ( R
1 - R)1/s′

(8.3)

fn(R) ) F1(R)/F0(R) fw(R) ) F2(R)/F1(R) (8.4)

Fm(R) ≡ ∑
fg1

fme-â∆Af(1 - R)f (8.5)

µn(R) ) 1/[1 - (s′/s)R] µw(R) ) 1 + s′R (8.6)

λ
n
φ )

F̃0(R)

F0(R)
S1(R) (8.7)

S1(R) ≡ R1/s′/[fn(R)(1 - R)s/s′] (8.8)

S0(R) ≡ R1/s′(1 - fns′R/s)/[fn(1 - R)s/s′] (8.9)

S2(R) ≡ R1/s′[1 - (fw - fn - 1)s′R]/[fn(1 - R)s/s′

{1 - (fw - 1)s′R}] (8.10)

xλ ) S1(R)/F0(R) (8.11)
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for the total number density of clusters in the sol.
Similarly, the weight average molecular weight is given
by

Therefore, the gel point is given by the solution of the
equation

In the postgel regime, Flory’s treatment gives the
conversion R′ in the sol by solving the equation xλ(R) )
xλ(R′) with respect to R′ for a given R or explicitly,

IX. Models of Excitation
We now discuss specific forms of the functions Fm(z).

By definition it depends on the excitation free energy
∆Af of the conformation with possible number f of active
groups measured relative to the reference conformation.
Throughout this paper, we take λ-state as the reference
conformation. In our forthcoming paper studying the
effect of loop formation on the sol/gel transition, how-
ever, a different choice of the reference conformation will
be made.

A. Independent Excitation Model. In this model
a polymer chain is assumed to carry a fixed number f
of associative groups, each of which may independently
take either an active or inert state. The energy differ-
ence between the two states is assumed to be given by
∆A1. Then the functions Fm(z) are given by

where x ≡ ηu(z) with η ≡ exp(-â∆A1). The average
functionalities are given by fav ) fx/(1 + x), fw ) (1 +
fx)/(1 + x), and fn ) fx(1 + x)f-1/[(1 + x)f - 1]. The
fundamental relation 5.30 now takes the form

and the sol/gel transition point is given by

The reduced concentration of λ-molecules is given by

The number density of clusters is then given by

and the weight average molecular weight is

in the pregel regime. In the postgel regime, the variable
z in these equations must be replaced by z′, which is
the solution of Flory’s condition xλ(z) ) xλ(z′); i.e.,

for a given z. The parameter z refers to the conversion
of the entire system, while z′ refers to that of the sol
part only. The weight fraction of the sol is given by the
ratio

and that of the gel is given by wG ) 1 - wS.
B. All-or-None Model. This model assumes that all

associative groups are either active or inactive simul-
taneously. We then have functionality f for the excited
state and 0 for the ground state, so that fav ) fηuf/(1 +
ηuf) and fn ) fw ) f, where η ≡ exp(-â∆Af). When f ) 2
and association is restricted to pairwise connection, this
model reduces to Scott’s theory21 developed for the study
of sulfur. The fundamental relation in this model takes
the form

and the sol/gel transition point is found by the condition

The concentration of λ-molecules is given by xλ )
z/fηu(z)f ′. The number density of clusters is then given
by

The weight-average molecular weight is given by

In the postgel regime, z′ must be found by the condition

The sol fraction is then given by

In the special case of the fixed multiplicity s for this
all-or-none excitation model, all relations reduce to
simpler ones. For instance, the average functionality is
given by

with fn ) fw ) f. Since each cluster has j1 ) [(f′s′ - 1)l
+ s]/s′ unassociated groups and js ) (l - 1)/s′ junctions,
the cluster distribution (6.1) now takes a simple form

where the combinatorial coefficient ωl is defined by

This coefficient reduces to Stockmayer’s factor ωl ) (fl

λνµ
S ) S0(R) (8.12)

Pw(R) )
xλ + S2(R)

xλ + S1(R)
) 1 +

favs′R
1 - (fw - 1)s′R

(8.13)

s′R[fw(R) - 1] ) 0 (8.14)

(R′)1/s′/F1(R′)(1 - R′)s/s′ ) R1/s′/F1(R)(1 - R)s/s′ (8.15)

Fm(z) ) ∑
g)0

f

gmu(z)g f!

g!(f - g)!
(e-â∆A1)g )

(x d

dx)m

(1 + x)f (9.1)

fλ
n

φ ) zu(z)[1 + 1
ηu(z)] (9.2)

f′ηzu′(z)/[1 + ηu(z)] ) 1 (9.3)

xλ ) z/{fη[1 + ηu(z)]f′} (9.4)

λνS ) λ(1 - φ) - z[f′u(z)/f + I(z)] (9.5)

Pw(z) )
1 + η[u(z) + zu′(z)]

1 + η[u(z) - f′zu′(z)]
(9.6)

z/[1 + ηu(z)]f′ ) z′/[1 + ηu(z′)]f′ (9.7)

wS ) z′[1 + ηu(z′)]/{z[1 + ηu(z)]} (9.8)

fλ
n

φ ) zu(z)[1 + 1/ηu(z)f] (9.9)

f′zu′(z)/u(z) ) 1 (9.10)

λνS ) λ(1 - φ) + z [1 - f′ηu(z)f

fηu(z)f ′ + I(z)] (9.11)

Pw(z) ) 1 + fηzu(z)fu′(z)/{[1 + ηu(z)f] [u(z) -
f′zu′(z)]} (9.12)

z/u(z)f′ ) z′/u(z′)f′ (9.13)

wS ) [1 + ηu(z′)f]/[1 + ηu(z)f] (9.14)

fav ) f/[1 + (1 - R)f/η] (9.15)

λν(j;l) ) ωlxf
l (9.16)

ωl ≡ (j1 + js - 1)!/(lj1!js!) (9.17)
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- l)!/[l!(fl - 2l + 2)!] studied in the classical theory of
gelation for s ) 2.

The mth moment of this distribution is then defined
by

For instance, the first three moments take simple forms
when expressed in terms of the conversion R as

The sol/gel transition point is then found from the
divergence of the second moment:

The fundamental relation eq 5.30 connecting R to the
concentration can be written as

The average junction multiplicities are given by µn )
1/(1 - s′R/s) and µw ) 1 + s′R, and the average molecular
weight is given by

The number densities of λ-molecules and of µ-clusters
are given by

All of these equations reduce to those derived for the
study of sulfur21 in the special case of f ) 2 and s ) 2.

X. Numerical Calculation of the Phase
Diagrams

In the following numerical calculation, we focus our
interest mainly in high-temperature gelation, because
low-temperature gelation has already been studied in
the literature.25,28 First, we introduce the dimensionless
temperature τ by the equation

where Θ is Flory’s theta temperature of our polymer
solution. The segment interaction parameter ø can then
be expressed by Schultz-Flory formula ø ) 1/2 - ψ1τ,
where ψ1 is a material parameter of order unity.26 We
fix ψ1 ) 1 in the calculation of the phase diagrams. The
association constant and the excitation constant take
the form

and

where λ0 et al. are dimensionless positive constants.

Let us consider the independent excitation model.
Figure 7 shows the effect of junction multiplicity on the
sol/gel transition. The functionality is fixed at f ) 10.
The association constants are fixed at λ0 ) 2.0 and λ1 )
1.2. The excitation parameters are fixed at η0 ) 1.0 and
η1 ) 1.3. The junction multiplicity between smin and smax
is allowed. The maximum multiplicity is fixed at smax
) 8 while the minimum multiplicity is varied from curve
to curve over the range from 2 to 8. The gel region
shrinks as smin approaches smax because the range of
allowed multiplicity becomes smaller. Most of the curves
have the temperature at which the gelation concentra-
tion becomes minimal. This is the optimal temperature
of gelation. Therefore, under a fixed concentration, the
solution gels on heating, but it goes back to sol on
further heating. Such a nonmonotonic behavior was
already theoretically pointed out by Higgs and Ball5 and
experimentally reported in several pieces of literature.4
Figure 8 shows the same but for different excitation
parameters. The functionality is fixed at f ) 10 again
but for the pairwise association smin ) smax ) 2. Associa-
tion constants are λ0 ) 1.0 and λ1 ) 1.2. The excitation
parameter η0 is fixed at 1.0 while η1 is varied from curve
to curve over the range from 1.00 to 1.25. Gelation
becomes easier with temperature for these material
parameters. There is no optimal temperature.

Figure 9 shows the same but for the all-or-none
excitation model with varied multiplicity for the func-

Figure 7. Sol/gel transition line of an independent excitation
model with multiple junctions. The concentration is shown by
using the volume fraction divided by the number of statistical
units on a primary chain: functionality f ) 10; maximum
allowed multiplicity smax ) 8; minimum multiplicity varied;
λ0 ) 2.0, λ1 ) 1.2; η0 ) 1.0, η1 ) 1.3.

Figure 8. Same as Figure 7 for pairwise association: f ) 10;
λ0 ) 1.0, λ1 ) 1.2; η0 ) 1.0, η1 varied from 1.00 to 1.25.

Sm ≡ ∑
lg1

lmωlx
l (9.18)

S0(R) ) R1/s′(1 - fs′R/s)/[f(1 - R)s/s′] (9.19a)

S1(R) ) R1/s′/[f(1 - R)s/s′] (9.19b)

S2(R) ) R1/s′(1 + s′R)/[f(1 - R)s/s′(1 - f′s′R)] (9.19c)

R* ) 1/(f′s′) (9.20)

λ
n
φ ) [1 +

(1 - R)f

η ]S1(R) (9.21)

Pw(R) ) 1 + favs′R/(1 - f′s′R) (9.22)

λνλ ) (1 - R)f S1(R)/η (9.23)

λνµ
S ) S0(R) (9.23b)

τ ≡ 1 - Θ/T (10.1)

λ(T) ) λ0 exp[λ1(1 - τ)] (10.2)

η(T) ) η0 exp[η1(τ - 1)] (10.3)
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tionality 3. Though the detailed shape of the curves is
different, the overall behavior is the same as that of the
independent excitation model. The special case of f ) 2
and smax ) smin ) 2 was studied by Scott21 with regard
to equilibrium polymerization of sulfur.

Figure 10a-d shows how the phase behavior changes
depending upon the relative strength of the association
constant and the excitation constant. All phase dia-
grams are calculated for trifunctional (f ) 3) low
molecular weight molecules (n ) 1) with triple junctions
(s ) 3). Independent excitation of the functional groups
is assumed. In these diagrams, solid lines show binodal,
broken lines sol/gel transition, and shaded areas un-
stable regions. When the association constant is large
as in Figure 10a, the solution exhibits UCST type phase
separation intersecting with the low-temperature sol/
gel transition line at the top of the phase separation
region. With decrease in the strength of association
(Figure 10b), or increase in the excitation constant
(Figure 10c), association in the low-temperature region
becomes less favorable, and as a result, the lower part
of a sol/gel line tends to shift to higher concentration
region. The unstable region around the sol/gel transition
line move upward following the shift of the sol/gel
transition line. In Figure 10c, the two-phase region
splits into two pieces. In the case of extremely large
excitation constant as in Figure 10d, the gel region
completely separates from the UCST miscibility dome,
because strong thermal excitation is required to activate
functional groups. Extra LCST and UCST appear at the
top and bottom of the high-temperature isolated two-
phase region. This diagram resembles that of the
equilibrium polymerization of sulfur in a solution,21 but
the polymerization line is replaced by the gelation line.
Tobitani and Ross-Murphy10 confirmed a similar gela-
tion line in the study of heat-induced gelation in
aqueous solution of globular protein (bovine serum
albumin). Figure 11 shows the same but for polymeric
primary molecules with n ) 100, and f ) 10 in the case
of triple junction. A new unstable region just splits from
the miscibility gap with UCST in this figure.

XI. Gelation by Helix/Coil Transition: Sequence
Selection Problem

A large body of experimental and theoretical study
on the problem of single-chain helix/coil transition now
exists, but there is room for the theoretical study of
gelation induced by helix/coil transition. In this section,

we apply our theoretical model specifically to polymer
solutions in which polymers form partial helices along

Figure 9. Sol/gel transition line of an all-or-none excitation
model: f ) 3; smax ) 8; smin varied from 2 to 8; λ0 ) 5.0, λ1 )
1.0; η0 ) 4.0, η1 ) 2.0.

Figure 10. Phase diagrams of low molecular weight primary
molecules (n ) 1) with triple associative groups (f ) 3).
Independent excitation followed by triple association (s ) 3)
is assumed. Association constant and excitation constant are
fixed at the following: (a) λ0 ) 0.73, λ1 ) 2.50, η0 ) 1.00, η1 )
2.50; (b) λ0 ) 0.49, λ1 ) 2.50, η0 ) 1.00, η1 ) 2.50; (c) λ0 ) 0.73,
λ1 ) 2.50, η0 ) 1.00, η1 ) 2.80; (d) λ0 ) 1.48, λ1 ) 2.00, η0 )
1.00, η1 ) 3.00.
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their chain backbone preceding gelation. In order to
focus on the many-chain problem concerning the con-
nectivity over entire solution, we here employ the
simplest model of the helix/coil transition. We consider
a single polymer chain with total number n of statistical
units as above from which j sequences of ú contiguous
chain segments have been selected for helix formation.
We neglect possible polydispersity of the helix length
and simply assume that all helix segments have the
same length ú under a given temperature and polymer
concentration. The total number W(n, j, ú) of possible
arrangement of j nonoverlapping sequences of length ú
is then given by

Obviously, the maximum possible number f of the
helices on a chain is given by

where symbol [x] indicates the maximum integer not
exceeding the value x. A similar sequence selection
problem was considered by Gornick and Jackson30 to
study the effect of segment crystallization on the rubber
elasticity.

Characteristic feature of gelation by sequence selec-
tion lies in that, for the pairwise association, f must be
equal to or larger than 3 in order for the solution to gel,
and for multiple association, it must be equal to or
larger than 2. Therefore, as the sequence ú becomes
longer with decrease in the temperature, the effective
functionality becomes smaller, and at a certain critical
value of ú, the solution goes back to a nongelling system.
This simple consideration suggests that gelation be-
comes easiest at a certain intermediate temperature.
To show this nonmonotonic behavior, we now calculate
the sol/gel transtion line on the temperature-concen-
tration plane.

The excitation free energy, or partition function, of a
chain with j sequences is given by

where ∆Aú is the free energy produced when a single
sequence changes into a helix from a random coil
conformation and, to avoid overcounting, the total
number is divided by the symmetric number σ ) 2 of
the original polymer chain in a random coil conforma-

tion. The functions Fm(z) therefore take the form

where

is the parameter related to polymer conformational
change. It is expected to take the form ηú ) η(T)ú by
using the excitation free energy η(T) ≡ exp(-â∆A1) per
monomer along the helix sequence. The average func-
tionalities are then given by

and

where functions gm(x) are defined by

and the variable x is defined by x ≡ ηúu(z).
Now, the fundamental equation connecting the pa-

rameter z to the polymer concentration φ is transformed
to

The gel point is given by the condition

When ú ) 1, the function g0(x) becomes g0(x) ) (1 +
x)n, and the model reduces to the independent excitation
model with functionality n.

As a characteristic feature of the sequence selection
problem, we easily see that gelation becomes impossible
as soon as ú becomes larger than n/2, because the
average functionality is less than 2. Similarly, if ú takes
a value in between n/3 and n/2, gelation by pairwise
association is impossible, but gelation by multiple
association is still possible. As a typical example, we
show in Figure 12a,b gelation concentration against
sequence length at a given temperature, hence a given
association constant λ and an excitation constant η for
the fixed multiplicity model. We assume that these
parameters take the form λú ) λ(T)ú and ηú ) η(T)ú

because each statistical unit in the selected sequence
length equally participates both in association and
excitation. The number of statistical units on a chain is
fixed at n ) 50. Figure 12a shows that the gel concen-
tration monotonically increases with the sequence length
for λ(T) ) 1.10 and η(T) ) 0.90. It diverges at ú ) 17
for pairwise association s ) 2 and at ú ) 26 for multiple
association s g 3. Although the association free energy
increases with the sequence length, the effect of de-
crease in the functionality (the number of selected
sequences on a chain) dominates for this value of λ. As
is shown in Figure 12b, however, a larger value of λ

Figure 11. Phase diagram of high molecular weight primary
molecules (n ) 100) with many associative groups (f ) 10).
Independent excitation followed by triple association (s ) 3)
is assumed. λ0 ) 160.7, λ1 ) 3.0, η0 ) 1.0, and η1 ) 8.5.

W(n, j, ú) ) (n - jú + j)!/{j!(n - jú)!} (11.1)

f ) [n/ú] (11.2)

exp(-â∆Aj) ) W(n, j, ú)[exp(-â∆Aú)]
j/σ (11.3)

Fm(z) )
1

σ
∑
j)0

n

jm
(n - jú + j)!

j!(n - jú)!
(ηúu(z))j (11.4)

ηú ≡ exp(-â∆Aú) (11.5)

fw(z) ) F2/F1 ) g2(x)/g1(x) (11.6)

fav(z) ) F1/(1 + F0) ) g1(x)/g0(x) (11.7)

gm(x) ≡ ∑
j)0

f

jm
(n - jú + j)!

j!(n - jú)!
xj (11.8)

λú

n
g1(x)

g0(x)
φ ) zu(z) (11.9)

{g2(x)

g1(x)
- 1} zu′(z)

u(z)
) 1 (11.10)
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leads to nonmonotonic behavior of the gel concentration
in the case of multiple association. There is an optimal
value of the sequence length at which gelation becomes
easiest as a result of the competition of the two opposite
tendencies described above. We therefore expect that
triple association of helices, for instance, exhibits more
interesting gelation than pairwise association. For a
complete description of the phenomena, however, we
have to study the temperature dependence of the
sequence length. The results will be reported in a
separate paper.

XII. Conclusions and Discussion

We have attempted to develop a general theory to find
phase behavior of gelling polymer solutions in which
there are strong couplings between polymer conforma-
tional change and intermolecular cross-linking. From
the theoretical and numerical results obtained in the
present paper, the following conclusions can be drawn:

(1) Both high-temperature gelation and low-temper-
ature gelation are possible depending upon the type of
conformational change for activating associative groups.
(2) Sol/gel transition concentration can vary nonmono-
tonically as a function of the temperature where acti-
vation of associative groups competes with intermolecu-
lar cross-linking. A large gel region often appears at

intermediate temperatures in the phase diagrams. (3)
The multiplicity of cross-link junctions strongly affects
the phase diagrams; the gel region shrinks as the range
of allowed multiplicity is restricted. (4) In the case of
gelation due to helix-to-coil transition followed by the
aggregation of helices, constraints in selecting helix
sequences out of the limited total number of statistical
units on a chain lead to the appearance of an optimal
sequence length for gelation. The effect becomes stron-
ger with increase in the junction multiplicity.

Our results may be directly applicable to some real
thermoreversible gels of natural polymers such as
proteins (albumin, hemoglobin, etc.) and polysaccharides
(carrageenan, agarose, gellan, etc.) and of synthetic
polymers such as hydrophobically modified associating
polymers under careful treatment of the excitation
parameter and the association constant.

Throughout this paper, we have treated the problem
on the basis of classical tree statistics. The validity of
such a treatment has long been investigated in the
literature for gelation by chemical reaction. But, for
physical gelation, especially with complex multiple
cross-links, study has just started. In hydrophobically
modified associating polymers, for instance, formation
of intramolecular loops has been reported to drive the
solutions into micellization of loops competing with
intermolecular cross-linking.18 It is possible to incorpo-
rate such small loops as correction to the tree ap-
proximation. In fact, we have recently studied theoreti-
cally and computationally the appearance of flower
micelles in telechelic associating polymers carrying two
hydrophobes at both chain ends.31 In the case of tele-
chelic polymers, the excited state is unique, namely, a
single loop. We can then map the problem onto a
mixture of difunctional (f ) 2) molecules and nomofunc-
tional (f ) 1) pseudomolecules. The excitation parameter
η corresponds to the probability to form a loop discussed
by Jacobson and Stockmayer.32 Appearance of flower
micelles and flower/bridge transition was successfully
described within the present theoretical scheme. The
inclusion of large-scale loops or cycles in a cluster is,
however, difficult. The systematic strategy developed by
Gordon and Scantlebury33,34 may possibly be extended
to multiple cross-linking.

Regarding thermoreversible gelation strongly coupled
to polymer conformation change, further refinement of
the present theory would involve (1) determination of
the junction multiplicity and the average sequence
length by thermodynamic requirements including their
possible polydispersity and (2) study of possible inho-
mogeneous structure in gels caused by phase separation.
It is hoped to pursue these topics in later publications.
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